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We point out that the symplectic structure, written in terms of the Sen-Ashtekar-Immirzi-Barbero
variables, of a spacetime admitting an isolated horizon as the inner boundary (SS in short), involves
a positive constant parameter, say σ, if γ 6= ±i, where γ is the Barbero-Immirzi parameter. The
parameter σ represents the rescaling freedom that defines the equivalence class of null generators of
the isolated horizon. The validity of the laws of mechanics and the value of surface gravity associated
with the isolated horizon does not depend on the choice of σ. The SS diverges for σ2 = (1 + γ2)−1,
implying that the SS is not compatible with the full symmetry of the isolated horizon. We offer some
remarks on black hole entropy calculation, with real γ, considering the restriction σ2 6= (1 + γ2)−1.
I. INTRODUCTION
The canonical quantization program of gravity, known as loop quantum gravity (LQG), is based on real
SU(2) gauge fields on a spatial slice, called Sen-Ashtekar-Immirzi-Barbero (SAIB) variable 1 and its conjugate
momentum [1, 2]. The SAIB connection involves a free parameter called Barbero-Immirzi parameter (γ)[3–
5]. Although the introduction of such variables has provided us with a viable quantum theory for real and
positive values of γ, nevertheless, it is a very well known fact that the SAIB gauge field acts as a connection
only on a spatial slice; it can not be interpreted as the pullback of a spacetime connection on a slice unless
γ = ±i [6]. In spite of this feature of the SAIB connection, the available theory of LQG has been founded
on the SAIB connection only for real and positive values of γ [1, 2], which has set the stage for black hole
entropy calculation [7–16]. The novelty of the framework lies in the fact that it gives a clear path from the
classical to the quantum theory, leading to the Hilbert space structure of the black hole horizon and hence,
counting of states. This enables one to calculate black hole entropy from the first principles using statistical
mechanics.
Some efforts have been made to address the issue of black hole entropy calculation for γ = ±i [22, 23].
However, those calculations are mainly focussed on obtaining the Bekenstein-Hawking area law [24, 25] from
the already available results for real and positive values of γ, by using mathematical techniques such as
analytic continuation [22, 23]. Unlike the real-γ scenario, there is no derivation of black hole entropy from
the first principles, whose beginning is rooted to the classical theory. In other words, for γ = ±i there is
not yet satisfactory answers to the more fundamental questions that arise before one talks about entropy
calculation, like what are the quantum states on the black hole horizon, what is the associated Hilbert space,
how do we count the states, etc.
Now, a black hole horizon in equilibrium, is modeled as an isolated horizon (IH), which is taken to be
a null inner boundary of the spacetime satisfying certain boundary conditions [26–29]. The theory of IH
is based on either real SO(1, 3) or complex SL(2, C) spacetime connections[26–29]. In [27], the action of a
spacetime with IH as an inner boundary was written, from which the symplectic structure (on a slice) was
deduced. It may be noted that until this point it was a calculation with spacetime connection.
Right at this stage, real SU(2) SAIB variable, which behave as a connection on a spatial slice, was
introduced. The passage from SL(2, C) connection to the spatial real SAIB variable involve the following
steps: i) pullback of the spacetime connection to a spatial slice is considered ii) an internal vector is kept
fixed and only the rotations, which keep this internal vector invariant, are allowed, therefore, reducing the
internal gauge group to a complex SU(2) iii) the complex variables are made real by replacing the i by a
real parameter γ according to the prescription suggested in [3]. Finally, one has a real SU(2) connection on
a slice i.e. the SAIB connection.
Importantly, the full SU(2) gauge group was further reduced to U(1) on the IH, although the authors
admitted that the gauge fixing was unnecessary (as it should be if the theory has to have a physical inter-
pretation at all)[27]. Therefore, the symplectic structure of a spacetime admitting IH, with the full SU(2)
gauge group was not manifest.
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1 See [1] for the historical reasons behind this nomenclature.
In the mean time, based on the available scenario, it was proposed in [9], that the full gauge group on the
IH should be SU(2) in the context of black hole entropy calculation from the quantum theory. However, the
derivation of the symplectic structure at the classical level with the full SU(2) group on the IH remained
pending.
This was accomplished, about a decade after those earlier works, in [13]. Notably, it came with an
interesting twist. In the symplectic structure for the SU(2) case [13], the prefactor in front of the contribution
from the IH, differed from that of the U(1) case [27]. While in the U(1) scenario it was only the area of the
IH [27], in the SU(2) case it was the area of the IH divided by (1− γ2)[13].
Here, we investigate a specific example of a spacetime admitting an SU(2) IH as an inner boundary (SS
in short) and show that the prefactor in front of the contribution from the IH actually contains a parameter
ambiguity, say σ. This ambiguity is exactly the one which is present in the choice of null generators of the
IH; the null-generator of an IH is unique up to a positive constant [26]. We check explicitly that the zeroth
law, the first law and the value of surface gravity associated with the IH does not depend on the choice of
the parameter2. This parametric ambiguity is absent for γ = ±i when the SAIB connection has a spacetime
interpretation. Also, the SS diverges for σ2 = (1 + γ2)−1 implying that the full symmetry of an SU(2) IH
is not retained. Above that, any other choice of a particular value of the parameter, like the one made in
[13], provides a fixed relationship between the local Lorentz boosted frame and the foliation of the IH which
violates the symmetries of an IH even if we restrict to the condition σ2 6= (1+γ2)−1. We offer some remarks
on the entropy calculation under this restriction.
II. PHYSICAL LAWS GOVERNING THE BLACK HOLE HORIZON
In this section, we shall consider a portion of the Schwarzschild spacetime as a simple and concrete example
of the more general quasi-local framework of non-expanding horizon and isolated horizon [26]. We investigate
the implications of the laws of mechanics on the horizon.
A. Section of a Schwarzschild spacetime
Let us consider a sectionM of a spacetime described by the Schwarzschild metric (see e.g. [31]):
ds2 = gµνdx
µdxν = Ω(t, x)(−dt2 + dx2) + r2(t, x) dθ2 + r2(t, x) sin2 θ dφ2 (1)
with the bound r(t, x) ≥ 2M , where
Ω(t, x) =
16M2
r(t, x)
exp[−r(t, x)/2M ] (2)
subject to
t2 − x2 = −(r − 2M)er/2M , (3)
which implies
dr =
4M
r
e−r/2M (x dx− t dt). (4)
M has an inner null boundary ∆ at r = 2M , which is a spherically symmetric, uncharged non-expanding
horizon (NEH) with constant area A∆ = 16πM
2 of cross-section [26–29]. M admits a time-like Killing
field χ (e.g. see [32]). Let us choose a time-function Φ(t, x, θ, φ), such that the time evolution vector field
T := d/dΦ satisfies the condition ←T =←χ; we denote any quantity Q pulled back to ∆ is denoted by ←Q. M
is bounded ‘initially’ and ‘finally’ by the spatial hypersurfaces given by Φ = Φi and Φ = Φf respectively.
The non-zero components of the metric are as follows:
gtt = −Ω, gxx = Ω, gθθ = r2, gφφ = r2 sin2 θ. (5)
2 This is just a verification, with a particular simple and concrete example, of what is already evident in the general framework
investigated in [29].
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The non-zero components of the inverse of the metric are as follows:
gtt = −Ω−1, gxx = Ω−1, gθθ = r−2, gφφ = r−2 csc2 θ. (6)
The non-zero components of the Christoffel symbol Γµαβ :=
1
2g
µσ (∂αgσβ + ∂βgσα − ∂σgαβ) , are as follows:
Γttt =
Ω˙
2Ω
, Γtxt =
Ω′
2Ω
, Γtxx =
Ω˙
2Ω
, Γtθθ =
rr˙
Ω
, Γtφφ =
rr˙ sin2 θ
Ω
,
Γxtt =
Ω′
2Ω
, Γxxt =
Ω˙
2Ω
, Γxxx =
Ω′
2Ω
, Γxθθ = −
rr′
Ω
, Γxφφ = −
rr′ sin2 θ
Ω
,
Γθθt =
r˙
r
, Γθθx =
r′
r
, Γθφφ = − cos θ sin θ, Γφφt =
r˙
r
, Γφφx =
r′
r
, Γφφθ = cot θ, (7)
where
r˙ := ∂tr = −4Mt
r
exp[−r/2M ], r′ := ∂xr = 4Mx
r
exp[−r/2M ],
Ω˙ :=
∂Ω
∂t
= −16M
2
r
(
1
r
+
1
2M
)
exp[−r/2M ]r˙, Ω′ := ∂Ω
∂x
= −16M
2
r
(
1
r
+
1
2M
)
exp[−r/2M ]r′. (8)
B. Standard definition of surface gravity
The Schwarzschild metric admits a time-like Killing vector field and in the chosen coordinates the con-
travariant and covariant components of the time translation Killing vector field are given by
χµ =
1
4M
(x, t, 0, 0) and χµ =
1
4MΩ
(−x, t, 0, 0) (9)
respectively. χ satisfies the conditions limr→∞ gµνχµχν = −1 and limr→2M gµνχµχν = 0. Due to the
presence of the Killing field, using the standard definition [32], the surface gravity associated with ∆ can be
calculated to be
κ = lim
r→2M
[gµν(∇χχµ)(∇χχν)]1/2
(−χµχµ)1/2
=
1
4M
. (10)
1. Pullback of the Killing vector field on ∆
Now, we shall find the pullback of the Killing vector field on ∆. On ∆, i.e. for r = 2M , we have t2 = x2
which gives us two cases x = t and x = −t. We shall work with x = t which is the future directed NEH. Let
the intrinsic coordinates of ∆ be (u, θ˜, φ˜). Then we have the following relations between the ∆ coordinates
and the spacetime coordinates:
t = x = f(u), θ˜ = θ, φ˜ = φ. (11)
where f is a positive definite invertible function of u such that df/du is non-vanishing. For simplicity we
shall use θ, φ instead of θ˜, φ˜ as the coordinates ∆. Therefore, the pullback of the Killing vector field on ∆ is
←χ =←−χ
µ∂µ =
1
4M
(
←−x∂t +←−t∂x
)
=
1
2M
f(u)
f ′(u)
∂u (12)
where f ′(u) = df/du.
C. Surface gravity of ∆ from quasi-local definition
To use the quasi-local definition of surface gravity associated with ∆ one can take the following steps [13].
We construct the tetrad:
e0 = Ω1/2(coshα dt+ sinhα dx), e1 = Ω1/2(sinhα dt+ coshα dx), e2 = r dθ, e3 = r sin θ dφ (13)
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which are related to the metric via the relation ηIJe
I
µe
J
ν = gµν , ηIJ being the internal flat metric
diag (−1, 1, 1, 1). α is an arbitrary function of spacetime coordinates, that characterizes the arbitrariness of
the local Lorentz boost. Further, one can construct the following set of null tetrad
ℓ =
1√
2
(e1 − e0), k = − 1√
2
(e0 + e1), m =
1√
2
(e2 + ie3), m¯ =
1√
2
(e2 − ie3) (14)
which satisfy ℓ.k = −1 = −m.m¯ and other contractions vanish. Using eqs.(13) and (14) one can obtain the
covariant components of ℓ and k respectively:
ℓµ =
1√
2
Ω1/2(exp−α) (−1, 1, 0, 0), kµ = − 1√
2
Ω1/2(expα) (1, 1, 0, 0). (15)
The contravariant components of ℓ and k are as follows:
ℓµ =
1√
2
Ω−1/2(exp−α) (1, 1, 0, 0), kµ = − 1√
2
Ω−1/2(expα) (−1, 1, 0, 0). (16)
One can show that
ℓµ∇µℓν = 1√
2
Ω−1/2(exp−α)
(
−α˙− α′ + Ω
′
2Ω
+
Ω˙
2Ω
)
︸ ︷︷ ︸
ℓν . (17)
The under-braced quantity evaluated on (or pulled back to) ∆ is identified as surface gravity of the NEH i.e.
κ∆ =
1√
2 ←Ω
−1/2[exp−(←α)]
[
−←α˙−←α
′ +
1
2←Ω
(
←Ω
′ +←Ω˙
)]
. (18)
It may be noted that ←α˙ 6=
1
f ′(u)∂u
(
←α
)
6=←α
′ in general. Now, we have the following results:
←Ω =
8M
e
, ←r˙ = −
2f(u)
e
, ←r
′ =
2f(u)
e
, ←Ω˙ =
16f(u)
e2
, ←Ω
′ = −16f(u)
e2
. (19)
where e = exp[1]. Using the results of (19) in eq.(18) we obtain
κ∆ = −1
4
( e
M
)1/2 (
exp−←α
)(
←α˙+←α
′
)
. (20)
The pullback of the null tangent vector field ℓ can be calculated to be:
←ℓ =←−ℓ
µ∂µ =←−ℓ
t∂t +←−ℓ
x∂x =←ℓ
t∂f +←ℓ
x∂f =
1√
2 ←Ω
−1/2
(
exp−←α
)
. 2∂f =
1
2
( e
M
)1/2 exp−←α
f ′(u)
∂u, (21)
where ←ℓ
t means the component ℓt evaluated on ∆, etc. and we have to use (19) to reach the final result.
D. Non-expanding horizon and the zeroth law
Zeroth law states that the surface gravity must be a constant on the associated horizon i.e. in the present
scenario we need to have κ∆ to remain constant along ∆. This happens if the Lie derivative of κ∆ along ←ℓ
vanishes [29] i.e. ←−ℓ
µ∂µκ∆ = 0. Considering eq.(20) and eq.(21), this yields
←α˙+←α
′ = m0 exp←α (22)
where m0 is some negative definite quantity on ∆ such that ←−ℓ
µ∂µm0 = 0. It should be noted that we have
considered functional rescaling of←ℓ, allowing←α to be a function on ∆ according to the definition of an NEH
[29]. This means that the zeroth law is valid for ∆, an NEH, if the rescaling function obeys eq.(22) .
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E. Isolated horizon and the first law
An isolated horizon (IH) [26–29], by definition, only allows positive constant rescaling of←ℓ. In the present
analysis, we can see that this is tantamount to tying the foliation of ∆, characterized by f(u), to the local
Lorentz boosts on it, characterized by ←α, in the following particular fashion:
f(u) = c˜ exp−←α, with c˜ > 0 and ←−ℓ
µ∂µ c˜ = 0. (23)
Considering eq.(12) and eq.(21), the condition (23) implies
←ℓ = c0←χ, with c0 = (Me)
1/2/c˜. (24)
It is only an IH, not an NEH, that is associated with a local first law in order to have a Hamiltonian evolution
in the covariant phase space [29]. Therefore, the surface gravity associated with the IH is κ∆ subject to the
condition (23), which, using eq.(18) and eq.(22), gives κIH = βκ with β := −m0(Me)1/2. Therefore, there
is an ambiguity in the exact form of surface gravity that remains in the local first law associated with the
IH [29]:
δEIH =
βκ
8π
δAIH . (25)
where EIH is the local energy associated with the IH. In general one has the radiation energy exterior to the
IH given by Eradiation = EIH − EADM [29]. In the present scenario we have Eradiation = 0 which provides
EIH = EADM = M . This fixes the value β = 1 (as AIH = 16πM
2), which implies m0 = −(Me)−1/2 (see
[29] for a more detailed discussion). Importantly, c0 remains arbitrary. This physically means that there
is an equivalence class of ←ℓ related to ←χ up to a positive constant, that leads to the value of the surface
gravity of the IH to be κIH = κ = 1/4M . An alternative physical meaning can be extracted by looking at
eq.(23). It implies that the foliation of IH, characterized by f(u), and the local Lorentz boosted frame on
the IH, characterized by ←α, have a relationship only up to a positive constant ambiguity.
1. A redundant choice
It should be noted that for the zeroth law and the first law to hold on the IH, even to fix the value of
κIH , we do not require to choose a particular value of c0. In fact, no physical result should depend on the
choice of c0. As we shall see, c0 appears in the symplectic structure of a spacetime admitting IH as its inner
boundary.
Just to mention, one particular choice c0 = 1 implies ←ℓ =←χ. In the present analysis, this choice leads to
an independent equation:
exp−←α =
f(u)
(Me)1/2
. (26)
which one can just find by looking at eq.(23) and eq.(24). Like c0 = 1, choosing any other particular value
of c0 is equivalent to choosing a fixed relationship between the local Lorentz boost and the foliation of the
IH. We identify the choice c0 = 1 separately due to its importance in the contemporary literature.
III. FIELD EQUATIONS IN THE CANONICAL FRAMEWORK
In this section we shall investigate the relevant equations in the canonical framework. The phase space
variables are the SAIB connection and its conjugate momentum and the quantum theory is available only
for real values of the Barbero-Immirzi parameter (γ) [1, 2].
A. The Sen-Ashtekar-Immirzi-Barbero connection
In the canonical framework an internal time-like vector nI := eIµn
µ is chosen and kept fixed (see e.g. [2]),
nµ is the unit time-like (nµnµ = −1) normal to the spatial slices. This choice only leaves the internal local
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rotational freedom which keep the chosen nI invariant [2]. Considering a fixed nI , the Sen-Ashtekar-Immirzi-
Barbero (SAIB) connection is defined as
Aiµ = γω
0i
µ −
1
2
ǫijkωjkµ (27)
where i = 1,2,3 and γ is called the Barbero-Immirzi parameter. ωIJµ , with I, J = 0,1,2,3, are the
components of the spin connection which can be written in terms of the tetrad components and the Christoffel
symbols as follows
ω IKµ = −gναeKα
(
∂µe
I
ν − ΓσµνeIσ
)
. (28)
The variable, defined in eq.(27), behaves as a connection while its pullback to a spatial slice is studied.
However, it can be interpreted as a spacetime connection only for γ = ±i [6] and in that case it is the
complex Sen-Ashtekar connection.
B. The equation on a 2-sphere
Now, what are of importance in the present context are the curvature of the SAIB connection defined as
F iµν = 2∂[µA
i
ν] + ǫ
ijkAj[µA
k
ν] (29)
and the following variable defined as
Σiµν = 2ǫ
i
jke
j
[µe
k
ν]. (30)
The study of the symplectic structure of a spacetime, admitting an IH as its inner boundary, boils down to
the task of finding the relation between these two variables correctly (see [13, 27] for details). It should be
noted that the pullbacks of F and Σ to any arbitrary 2-sphere embedded in a four dimensional spacetime,
to be denoted by F and Σ respectively, are related as [13]
F iµν =
(
Ψ2 − Φ11 − R
24
)
Σiµν (31)
for γ = ±i. Eq.(31) is obtained by taking the pullback of a spacetime identity to an arbitrary 2-sphere (see
[27]) and then applying the partial gauge fixing (fixed nI) on the internal space (see [13]). To mention, R is
the Ricci scalar associated with the spacetime and Ψ2 = Cµναβℓ
µmνm¯αnβ,Φ11 =
1
4Rµν(ℓ
µnν +mµm¯ν), are
two Newman-Penrose scalars [27], where Cµναβ is the Weyl tensor and Rµν is the Ricci tensor associated
with the spacetime. In the present case, we have Φ11 = 0 = R and Ψ2 = −2M/r3 (e.g. see [33]). Therefore,
eq.(31) reduces to the following form
F iµν = −
2M
r30
Σiµν (32)
for γ = ±i and r0 is the radius of the 2-sphere. Notably, this equation is not slicing dependent.
Now, we aim to investigate the relation between F and Σ both for real and imaginary values of γ. To do
that we calculate the components of F and Σ separately. From eq.(28), the non-zero components of the spin
connection can be calculated to be
ω 01t =
Ω′
2Ω
− α˙, ω 01x =
Ω˙
2Ω
− α′, ω 02θ = Ω−1/2(r˙ coshα− r′ sinhα),
ω 12θ = Ω
−1/2(r˙ sinhα− r′ coshα), ω 03φ =
sin θ
Ω1/2
(r˙ coshα− r′ sinhα),
ω 13φ =
sin θ
Ω1/2
(r˙ sinhα− r′ coshα), ω 23φ = − cos θ (33)
and the corresponding anti-symmetric ones with respect to the internal indices. Then using the definition
given in eq.(27), one can find the non-zero components of the SAIB connection to be
A1t = γ
(
Ω′
2Ω
− α˙
)
, A1x = γ
(
Ω˙
2Ω
− α′
)
, A1φ = cos θ,
A2θ =
γ
Ω1/2
(r˙ coshα− r′ sinhα) , A2φ =
sin θ
Ω1/2
(r˙ sinhα− r′ coshα),
A3θ =
1
Ω1/2
(r′ coshα− r˙ sinhα) , A3φ =
γ sin θ
Ω1/2
(r˙ coshα− r′ sinhα). (34)
6
Then one can calculate F by using the definition in eq.(29). The non-zero components are given by:
F1θφ = − sin θ
[
2M
r0
− (1 + γ2)exp[−r0/2M ]
r0
(t0 coshα+ x0 sinhα)
2
]
(35)
F2θφ =
exp[−r0/4M ]
r
1/2
0
[− sin θ (t0 coshα+ x0 sinhα) (∂θα) + γ (t0 sinhα+ x0 coshα) (∂φα)] (36)
F3θφ = −
exp[−r0/4M ]
r
1/2
0
[γ sin θ (t0 sinhα+ x0 coshα) (∂θα) + (t0 coshα+ x0 sinhα) (∂φα)] (37)
t0 and x0 are coordinates of the particular 2-sphere under consideration in the t− x plane and hence, they
are related as
t20 − x20 = −(r0 − 2M)er0/2M . (38)
On the other hand, one can calculate that the only non-vanishing component of Σ is
Σ1θφ = 2r
2
0 sin θ (39)
We may note that since Σ2θφ and Σ
3
θφ vanish identically, it can be concluded that the boost parameter α in
the t − x plane needs to be spherically symmetric (i.e. ∂θα = 0 = ∂φα) so that eq.(32) holds for γ = ±i.
Having said this, for γ 6= ±i, we have the following equation at hand:
F iµν = −
1
r20
[
2M
r0
− (1 + γ2)exp[−r0/2M ]
r0
(t0 coshα+ x0 sinhα)
2
]
Σiµν (40)
which has the property that the proportionality factor between F and Σ depends on the slicing of the
spacetime and on the internal gauge choice. This is a fundamental inconsistency, reflecting the fact that the
SAIB connection variable does not have a spacetime interpretation for γ 6= ±i [6]. Hence, one may wonder
why we should be interested in the relation between F and Σ at the first place. The reason is that this
relation plays the fundamental role in writing down the symplectic structure of a spacetime admitting an IH
as its inner boundary [13, 27].
If one wants to avoid the above inconsistency, one is forced to introduce a parameter of unusual nature,
say σ, which characterizes a relation between the internal boost parameter and the slicing of the spacetime
such that
F iµν = −
2M
r30
[
1− (1 + γ2)σ2]Σiµν (41)
with
σ2 :=
exp[−r0/2M ]
2M
(t0 coshα+ x0 sinhα)
2
. (42)
σ can be any non-zero real number satisfying the condition σ2 6= (1+γ2)−1. Doing this, one actually restricts
the local Lorentz group to a subgroup whose boosts are tailored in a particular fashion that is dependent on
the slicing of the spacetime. So, the ‘local’ boosts have to know about the ‘global’ slicing. Therefore, σ marks
different sectors of the boost parameter within which the equations on the 2-sphere are slicing independent.
In general, one can choose σ to be dependent on spacetime coordinates and introduce a new gauge field.
However, we keep that possibility out of the present discussion and restrict σ to be just an arbitrary constant
parameter (independent of γ).
C. On the isolated horizon
Let us see what the scenario is, if we concentrate on the IH only. We shall replace now the ‘underline’ with
‘left double arrow’ to indicate that the 2-sphere is a cross-section of the IH i.e. r0 = 2M and x0 = t0 = f(u0).
Then, eq.(40) reduces to the following form:
⇐F
i
µν = − 2π
AIH
[
1− (1 + γ2)σ2]⇐Σiµν (43)
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where we have used the fact that AIH = 16πM
2 is the area of cross-section of the IH and we have
σ =
f(u0)
(2Me)1/2
exp ⇐α (44)
on the IH. One can see that eq.(44) is just the pullback of eq.(23) on a slice of the IH at u0, with c˜ = σ(2Me)
1/2
and therefore, from eq.(24) we have c0 = 1/σ
√
2 implying ←ℓ =
1
σ
√
2 ←χ. It is now clear that the parameter
σ that appears in eq.(43) is actually the representative of the equivalence class of null generators of the IH
and we have seen that the laws of mechanics of the IH and the value of surface gravity does not depend on
the choice of σ. Using eq.(43), one can show that the symplectic structure of the spacetime with IH as an
inner boundary is given by
32πγΩ(δ1, δ2) =
∫
M
2 δ[1Σ
i ∧ δ2]Ai −
AIH
2π[1− (1 + γ2)σ2]
∫
SM
δ[1Ai ∧ δ2]Ai, (45)
where M is a spatial slice ‘sometime’ between Φi and Φf , SM is the intersection 2-sphere of M with the IH
and Ai := ⇐A
i. One can see [13] for the details of the derivation, but with the specific choice σ = 1/
√
2.
Two remarks need to be made about the result in eq.(45).
• σ does not appear at all in the symplectic structure for γ = ±i, which is the reflection of the fact that
the SAIB variable has an interpretation of a spacetime gauge field only for γ = ±i.
• Considering only real values of γ, the symplectic structure diverges for σ2 = (1 + γ2)−1. This implies
that one member of the equivalence class of null generators of the IH yields becomes ‘special’, which
implies a violation of the rescaling symmetry of the null generators of the IH.
Nonetheless, a viable quantum theory is available only for real and positive values of γ. Therefore, one has
to bear with this unavoidable symmetry violation and consider omitting, by hand, the boosted frame on the
IH given by σ2 = (1 + γ2)−1. Otherwise, one has to discard the theory at the classical level itself, for real
γ. Taking an optimistic viewpoint by considering σ2 6= (1 + γ2)−1 we offer some remarks on the black hole
entropy calculation.
IV. REMARKS ON BLACK HOLE ENTROPY CALCULATION
Eq.(43) can be cast as the equation of motion for a Chern-Simons theory coupled to a source and this
equation holds the key for black hole entropy calculation [11, 13, 14, 30]. In fact, in the quantum theory, the
microstates of the IH belong to the Hilbert space of a quantum Chern-Simons theory coupled to point-like
sources carrying quantum numbers that can take values like 1/2, 1, · · · , k/2 where k is called the level of
the Chern-Simons theory [7, 8, 11, 13, 14]. The number of microstates corresponding to the Hilbert space
of a Chern-Simons theory with level k, is some function Θ(k) [21]. Having said this, we look back towards
the existent literature with a critical view and then discuss a new possibility, assuming that we have an
experimentally determined value of the Barbero-Immirzi parameter, say γe.
A. The Kaul-Majumdar scenario
In [11, 30] it has been rigorously argued that the σ-dependence should be used to define the source term
and not the Chern-Simons level because it affects the entropy which is a physical quantity. Therefore, one
can view eq.(45) as an ‘equivalence class of symplectic structures’ corresponding to the equivalence class of
null generators that lead to the same physics associated with the IH viz. mechanical laws, value of surface
gravity and the resultant entropy. Notably, the source term vanishes for σ2 = (1 + γ2)−1[11, 30], which is
the case we have removed from consideration ‘by hand’ before the remarks began. This approach has the
following highlighted features:
• The Chern-Simons level k := AIH/4πγℓ2p where ℓp is the Planck length. Therefore, AIH/ℓ2p ≫ 1 =⇒
k ≫ 1.
• The Boltzmann entropy formula is used as the starting point i.e. S = lnΘ(k) = lnΘ(AIH/ℓ2p, γ).
• One needs to choose a particular value of γ, say γ0, to get the area law i.e. S = AIH/4ℓ2p.
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• σ does not affect the entropy calculation and remains arbitrary implying that all the members of the
equivalence class of null generators lead to the same physical result.
• The theory is falsifiable if we find γe 6= γ0.
B. The Perez-Pranzetti scenario
In [15], the Chern-Simons level is defined in a σ-dependent way. In that case, demanding the entropy
to be given by the area law, one finds a relation between σ, γ and AIH . Therefore, for a given area black
hole, the entropy is given by the area law if σ and γ has a particular relationship. This seems to be elegant
because one obtains the area law for any γ that is fixed up to a relation with σ, an arbitrary positive definite
parameter. However, the problem arises if we use γ = γe in the results of [15]. Then, what one is left with
is a relation between σ and AIH . This implies that, for a given AIH , there is a preferred null generator,
among the equivalence class of null generators of the IH, that leads to the physical results. It also implies
a fixed relationship between the local Lorentz boost and the foliation of the IH. This explicitly breaks the
intrinsic symmetries of the IH even after considering σ2 6= (1+γ2)−1. We highlight the main features of this
approach of entropy calculation:
• The Chern-Simons level k := AIH/8πγ(1 − γ¯2)ℓ2p, where γ¯2 := (1 + γ2)σ2. Therefore, AIH/ℓ2p ≫ 1
does not imply k ≫ 1 and k is now an independent input just because of the arbitrary parameter σ.
• The Boltzmann entropy formula is used as the starting point, as usual, leading to S = lnΘ(k) =
lnΘ(AIH/ℓ
2
p, γ, σ).
• To get the area law, the following relation has to be satisfied i.e. lnΘ(AIH/ℓ2p, γ, σ) = AIH/4ℓ2p.
Therefore, for any given AIH , we only have a relation between σ and γ. We need not choose γ.
• If we put γ = γe, then, for a given AIH we have a fixed σ, implying the violation of the symmetry of
the IH even after considering σ2 6= (1 + γ2)−1.
C. Proposal of a new scenario
There is another possibility one can think of, that can deal with σ-dependent Chern-Simons level and yet
lead to the area law for arbitrary γ without violating the symmetries of the IH, considering σ2 6= (1+ γ2)−1.
It can be explained as follows. Recently there have been proposals of using q-deformed entropies (e.g. see
[34, 35, 38]) in the context of LQG, owing to the interacting nature of the quantum field theory that describes
the quantum degrees of freedom of an IH [36, 37]. Introducing such a q-deformed definition of entropy and
demanding the area law to follow, what one arrives at finally is the following relation:
lnq Θ(AIH/ℓ
2
p, γ, σ) = AIH/4ℓ
2
p. (46)
where lnq x is a one parameter deformation of usual logarithm lnx [34, 35, 38]. Now, even if we put γ = γe
in eq.(46), what we are left with is the following:
lnq Θ(AIH/ℓ
2
p, σ) = AIH/4ℓ
2
p. (47)
Therefore, for an IH with a given area AIH there is an equivalence class of Chern-Simons theories with
levels k(σ) whose SUk(σ)(2) state counting leads to the area law if the definition of entropy is given by lnq Θ,
where q satisfies eq.(46). The reason for saying ‘equivalence class’ of Chern-Simons theories is that all the
theories lead to the same physical result i.e. the area law. This is similar to the fact that all the members
of the equivalence class of null generators of the IH lead to the same physical laws associated with the IH,
although each different boosted frame corresponding to each member will ‘observe’ a different q(σ)-deformed
statistical distribution. We write down the expected features of this new scenario:
• The Chern-Simons level k := AIH/8πγ(1 − γ¯2)ℓ2p, where γ¯2 := (1 + γ2)σ2. Therefore, AIH/ℓ2p ≫ 1
does not imply k ≫ 1 and k is now an independent input just because of the arbitrary parameter σ.
• Main twist: A q-deformed definition of entropy formula is used as the starting point: S = lnq Θ(k) =
lnq Θ(AIH/ℓ
2
p, γ, σ).
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• To get the area law, the following relation has to be satisfied i.e. lnq Θ(AIH/ℓ2p, γ, σ) = AIH/4ℓ2p.
Therefore, for any given AIH , we only have a relation among q, σ and γ.
• If we put γ = γe, then, for any given AIH , we have a relation between σ and q. There is no violation
of the symmetries of the IH, considering σ2 6= (1 + γ2e)−1.
• Physically, the scenario implies, there is an equivalence class of Chern-Simons theories corresponding
to the equivalence class of null generators of the IH leads to the physical result, namely the area law.
Each boosted frame on the IH, corresponding to each null generator from the family of equivalence
class leads to σ-labeled microstate count (owing to k(σ)-leveled quantum groups) and respectively
different σ-labeled deformed distributions.
The scenario suggests the possibility of an interplay among quantum groups, deformed entropies and de-
generacy of a null manifold, that can underlie a derivation of the area law from black hole microstates in
LQG. To mention, the connection between quantum groups and a particular deformed entropy has been
investigated in [39].
Last but not the least, there is one more physical element which may possibly be involved in the entropy
calculation, namely, the running of the gravitational constant locally on the IH due to the interacting nature
of the quantum field theory on itself. The scale is provided naturally by the theory itself and it is none other
than the Chern-Simons level [40].
V. CONCLUSION
Here we have verified that the symplectic structure of a spacetime admitting an SU(2) IH as an inner
boundary (SS in short), is dependent on a positive definite parameter (σ) that represents the equivalence class
of null generators of the IH. The σ-dependence of the SS disappears when the Barbero-Immirzi parameter,
γ, is equal to ±i. The SS diverges for σ2 = (1 + γ2)−1, thus implying that the full symmetry of the
IH does not lead to a well defined SS. These phenomena are direct manifestations of the fact that the
Sen-Ashtekar-Immirzi-Barbero connection, which is defined on a spatial slice, can be interpreted as the
pullback of a spacetime connection only for γ = ±i [6]. The mechanical laws and the value of surface
gravity associated with an IH do not depend on any particular value of σ. Imposing a restriction ‘by hand’
σ2 6= (1 + γ2)−1 (otherwise one has to discard the theory for real γ), the findings of this paper suggests
that we may postulate the introduction of an equivalence class of quantum entropies, corresponding to
the equivalence class of Chern-Simons theories, each associated with one boosted frame corresponding to a
member of the equivalence class of null generators of the IH, such that all the quantum entropies lead to the
unique thermodynamic entropy of the black hole i.e. the area law. We hope to report some concrete results
along this line in a future work.
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